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Abstract. We prove here that in the Theorem on Lo-
cal Ergodicity for Semi-Dispersive Billiards (proved by N.
I. Chernov and Ya. G. Sinai in 1987) the condition of the
so called “Ansatz” can be dropped. That condition as-
sumed that almost every singular phase point had a hyper-
bolic trajectory after the singularity. Having this condition
dropped, the cited theorem becomes much stronger and
easier to apply. At the end of the paper two immediate
corollaries of this improvement are discussed: One of them
is the (fully hyperbolic) Bernoulli mixing property of every
hard disk system (D = 2), the other one claims that the
ergodic components of every hard ball system (D ≥ 3) are
open.
Primary subject classification: 37D50
Secondary subject classification: 34D05
1Research supported by the National Science Foundation, grant DMS-0098773.
1
2§1. Introduction
Semi-Dispersive Billiards. Assume that Q ⊂ Rd or Q ⊂ Td = Rd/Zd (d ≥ 2) is
an open and connected subset with a non-empty, piecewise smooth (i. e. piecewise
C∞) boundary ∂Q and compact closureQ = Q∪∂Q. In order to avoid unnecessary
technical complications, we also assume that the d-dimensional spatial angle ∠(q)
subtended by Q at any of its boundary points q ∈ ∂Q is positive. We also assume
that the smooth components ∂Qi (i = 1, 2, . . . , k) of ∂Q are (not necessarily strictly)
concave, i. e. they are “bending away” from Q. In technical terms this means the
following: If we supply the smooth component ∂Qi with the field n(q) (q ∈ ∂Qi) of
unit normal vectors pointing inward Q, then the second fundamental form K(q) of
∂Qi at q (with respect to the selected field of unit normal vectors) is a non-negative
operator for any q ∈ ∂Qi and i = 1, . . . , k. Finally, one always assumes that at any
boundary point q ∈ ∂Qi ∩ ∂Qj (1 ≤ i < j ≤ k) the tangent vectors of R
d (or Td)
at q pointing inward Q form a convex cone.
The semi-dispersive billiard system (flow) (M, {St}t∈R, µ) is a dynamical system
describing the uniform motion (with unit speed) of a point particle inside the flat
domain Q that bounces back at ∂Q in a fully elastic manner, according to the law
of geometric optics, that is, the angle of reflection equals the angle of incidence. The
phase space M of the arising flow is essentially the unit tangent bundle Q × Sd−1
(Sd−1 being the unit sphere of velocities) modulo the natural identification of the
incoming (pre-collision) and outgoing (post-collision) velocities at the boundary
∂M = ∂Q × Sd−1. The flow {St}t∈R is the time-evolution of the system, and the
(invariant) Liouville measure µ turns out to be the normalized Lebesgue measure:
dµ = const·dq ·dv, where x = (q, v) ∈M, q ∈ Q, v ∈ Sd−1 is the standard expansion
of a phase point x into the configuration and velocity components.
In the case K(q) > 0 (for every q ∈ ∂Q) we speak about a “dispersive billiard
system”.
The primary examples of semi-dispersive billiards are the so called cylindric bil-
liards (see [S-Sz(2000)]), among which the most important special models are the
hard ball systems, see §2 of [S-Sz(1999)]. For a more detailed introduction to these
dynamical systems, please see §2 (the sections containing the prerequisites) of the
papers [K-S-Sz(1990-A)], [S-Sz(1999)], and [Sim(2002)].
Assume that (M, {St}t∈R, µ) is a semi-dispersive billiard flow with the following
additional properties:
(1) the smooth components of ∂Q are algebraic (i. e. polynomially defined)
hyper-surfaces;
(2) for ν-almost every singular phase point x ∈ SR+ (⊂ ∂M) the forward semi-
trajectory S[0,∞)x of x is sufficient (or geometrically hyperbolic, see §2);
3(3) a given phase point x0 ∈M \ ∂M has a sufficient orbit S
Rx0 (see §2) with at
most one (and simple) singularity on it.
Under the above conditions, the Theorem on Local Ergodicity claims that some
open neighborhood U0 ∋ x0 of x0 belongs (modulo the zero sets) to a single ergodic
component of the flow {St}t∈R.
This fundamental result was originally proved by N. I. Chernov and Ya. G. Sinai
as Theorem 5 in [S-Ch(1987)], being actually the corollary of the rather technical
Lemma 3 there. Later on, the proof of Lemma 3 was somewhat clarified and put
into a more general context as Theorem 3.6 of [K-S-Sz(1990-A)]. In that paper the
exact counterpart of the above cited Theorem on Local Ergodicity is Corollary 3.12.
In these two papers the above condition (1) (i. e. the “algebraicity”) was not yet
present.
It turned out recently that the proof, as a matter of fact, requires this condi-
tion, see [B-Ch-Sz-T(2002)], where the main result is listed as Theorem 4.4 (the
analogue of the technical Lemma 3 mentioned above). It was just the paper [B-Ch-
Sz-T(2002)] in which the authors noticed the necessity to include the algebraicity
condition (1) and, actually, they fixed the flaw of the earlier proofs.
Condition (2) is often called the “Chernov-Sinai Ansatz” in the literature.
Our goal here is to show the reader that the Ansatz (Condition (2)) may be
dropped from the Theorem on Local Ergodicity altogether without hurting its va-
lidity! We will be doing so by introducing some interesting (but not too big) changes
in the original proof of Theorem 3.6 of [K-S-Sz(1990-A)]. Our main reference will
be just that paper.
§2. Prerequisites
Singularities and Trajectory Branches. The billiard system (M, {St}t∈R, µ)
has two types of singularities. The first one is caused by the presence of the so
called “tangential reflections” x0 = (q0, v0) ∈ ∂M for which 〈v0, n(q0)〉 = 0, i.
e. the velocity v0 happens to lie inside the tangent hyperplane Tq0∂Q of ∂Q at
q0 ∈ ∂Q. If the trajectory S
(−∞,∞)y of a phase point hits a tangential reflection at
time t0 > 0 (S
t0y = x0), then the billiard map S
t0+ǫ is still continuous at y, though
it ceases to be smooth. The often studied first return map T : ∂M → ∂M of the
boundary ∂M is no longer even continuous at the inverse image T−1x0 of a phase
point x0 with tangential reflection.
The second type of singularity, the so called “multiple reflection” takes place
when the flow St0y = x0 = (q0, v
−
0 ) ∈ ∂M (v
−
0 is the “incoming” velocity) hits
more than one boundary components of M, i. e. when q0 ∈ ∂Qi ∩ ∂Qj with
41 ≤ i < j ≤ k. We are going to briefly describe the discontinuity of the flow {St}
caused by a multiple collision at time t0. Assume first that the pre–collision velocity
is given. What can we say about the possible post–collision velocity? Let us perturb
the pre–collision phase point (at time t0 − 0) infinitesimally, so that the collisions
at ∼ t0 occur at infinitesimally different moments. By applying the collision laws
to the arising finite sequence of collisions, (the finiteness follows from Theorem
1 of [B-F-K(1998)]) we see that on the two sides of the current (codimension-one)
singularity manifold there are two, significantly different continuations (the so called
branches) of the trajectory: On one side the finite sequence of collisions near time t0
begins with a ∂Qi-reflection, then it continues in an alternating manner with ∂Qj,
∂Qi, . . . reflections all the way until the resulting (reflected) velocity v
+ happens
to point inward Q. On the other side of the singularity, however, the corresponding
finite, alternating sequence of reflections begins with a ∂Qj-collision. These two
continuations (branches) result in two (typically different) outgoing velocities v+.
Analogous statements can be made about the backward continuations and the v+ 7→
v− correspondence. It follows from Lemma 4.1 of [K-S-Sz(1990-A)] that a typical
singular phase point x0 has the property that its trajectory hits a singularity only
once, say, at time t0 > 0 and
(a) q(St0x0) lies only on one boundary component ∂Qi if S
t0x0 is a tangential
reflection;
(b) q(St0x0) lies exactly on two boundary components ∂Qi and ∂Qj (i 6= j) if
St0x0 is not a tangency;
(c) none of the arising two trajectory branches hits a singularity any more.
In this case we say that the trajectory of x0 encounters a so called simple singu-
larity. In this situation the entire orbit S(−∞,∞)x0 has exactly two branches.
Since, in the case of multiple collisions, there is no unique continuation of the
trajectories, we need to make a clear distinction between the set of reflections SR+
supplied with the outgoing velocity v+, and the set of reflections SR− supplied with
the incoming velocity v−. For typical phase points x+ ∈ SR+ the forward trajectory
S[0,∞)x+ is non-singular and uniquely defined, and analogous statement holds true
for typical phase points x− ∈ SR− and the backward trajectory S(−∞,0]x−. For
a more detailed exposition of singularities and trajectory branches, the reader is
kindly referred to §2 of [K-S-Sz(1990-A)]. We denote by SR = SR− ∪SR+ the set
of all singular reflections.
Finally, we note that the trajectory of the phase point x0 has exactly two
branches, provided that Stx0 hits a singularity for a single value t = t0, and the
phase point St0x0 does not lie on the intersection of more than one singularity man-
ifolds. (In this case we say that the trajectory of x0 has a “simple singularity”.)
5Sufficiency (Geometric Hyperbolicity). Let S[a,b]x0 be a non-singular (i. e.
smooth) trajectory segment of a semi-dispersive billiard flow (M, {St}t∈R, µ). At
the starting phase point y0 = S
ax0 = (q0, v0) we construct the submanifold
Σ0 =
{
(q, v0)
∣∣ q − q0 ⊥ v0 and ||q − q0|| < ǫ0
}
of M with a fixed number ǫ0 << 1. Denote by Σ1 the connected component of
the image Sb−a (Σ0) containing S
bx0 = S
b−ay0. It is easy to see that the smooth
submanifold Σ1 of M has the form
Σ1 =
{
(q, v(q))
∣∣ q ∈ Σ˜1
}
,
where Σ˜1 ⊂ Q is a smooth hypersurface of the configuration space Q supplied with
the field v(q) of unit normal vectors. A direct consequence of the semi-dispersive
property is that the second fundamental form K(q) of Σ˜1 at any q ∈ Σ˜1 (with
respect to the above field of unit normal vectors) is non-negative. The trajectory
segment S[a,b]x0 is said to be sufficient (or geometrically hyperbolic) if K(q1) > 0,
where Sbx0 = (q1, v1).
Definition. The trajectory segment S[a,b]x containing exactly one singularity (a
so called “simple singularity”, see above) is said to be sufficient if and only if both
branches of this trajectory segment are sufficient.
Definition. The phase point x ∈ M with at most one singularity is said to be
sufficient if and only if its whole trajectory S(−∞,∞)x is sufficient, which means, by
definition, that some of its bounded segments S[a,b]x are sufficient.
In the case of an orbit S(−∞,∞)x with a single singularity, sufficiency means that
both branches of S(−∞,∞)x are sufficient.
The great importance of the sufficiency of a phase point x0 is given by the fact
that (for the discrete time billiard map, i. e. for the first return map T to ∂M)
such a phase point always has a suitably small, open neighborhood U0 ∋ x0 for
which the first return map of T to U0 exhibits a uniformly hyperbolic behavior, see
Lemma 2.13 in [K-S-Sz(1990-A)].
For a more detailed exposition of the above notions and facts, the reader is kindly
referred to §2 of [K-S-Sz(1990-A)].
No accumulation (of collisions) in finite time. By the results of Vaserstein
[V(1979)], Galperin [G(1981)] and Burago-Ferleger-Kononenko [B-F-K(1998)], in a
semi-dispersive billiard flow there can only be finitely many collisions in finite time
intervals, see Theorem 1 in [B-F-K(1998)]. Thus, the dynamics is well defined as
long as the trajectory does not hit more than one boundary components at the same
time.
6§3. The Improvements
Let us see — step by step — all changes in the proof of Theorem 3.6 (of [K-S-
Sz(1990-A)]) that facilitate the dropping of the Ansatz from the set of conditions
for the Theorem on Local Ergodicity.
1. First of all, throughout the entire proof of Theorem 3.6 the distance function
z(x) (measuring the distance between a phase point x ∈ M and the set SR of
singular reflections) has to be replaced by the “tubular distance function” ztub(x),
along the lines of 4. in the Erratum to the paper [K-S-Sz(1990-A)], i. e. in [K-S-
Sz(1990-B)].
2. Concerning Definition 5.1 in the proof: The definition of the expansion coef-
ficient
κn,0(y) =
∥∥∥(Dn−Tny,Σ
)−1∥∥∥
−1
should not contain any infimum taken with respect to Σ. Instead, the orthogonal
manifold Σ has to be the unique family of rays emanating from the fixed configu-
ration point q(−Tny) = q(Tny) and containing all small velocity perturbations of
the phase point −Tny. (A so called “candle”, emanating light from one point in
every (nearby) direction.) We note here that the natural metric on the “candle” Σ
(needed in the use of the norm || . || in the definition of κn,0(y)) is the angle between
the different velocities.
3. Regarding the definition of the expansion coefficient κn,δ(y) in 5.1:
κn,δ(y) = inf
w∈Σ
∥∥∥(Dnw,Σ
)−1∥∥∥
−1
,
where Σ is again any “candle” manifold containing −Tny (just as in the definition
of κn,0(y)) with the additional properties
(i) Tn is smooth on Σ,
(ii) TnΣ ⊂ Bδ(−y).
4. Lemma 5.3 is not used; should be dropped altogether. It is actually false
for the re-defined expansion coefficient κn,δ(y). The only monotonicity property of
these coefficients that is used in the proof pops up in the sentence beginning with
“Finally, since κn,δ(T
−nw) increases in n” in the lower third of page 557 of the
proof, and that monotonicity property is still obviously true.
5. Concerning the crucial construction of invariant manifolds, i. e. the proof
of Lemma 5.4: The manifold Σnn(y) should be the “candle” manifold (defined in
2. above) containing all rays emanating from the point q(−Tny) and being closer
7than c3δ to the phase point −T
ny (measured in the angular metric between the
velocities). Then
Σn0 (y) = T
nΣnn(y),
and −Σ˜n0 = −Σ˜
n
0 (y) is the connected component of the intersection
(−Σn0 (y))
⋂
Bc3δ(y)
containing y, just as in the original proof. Otherwise, the proof of Lemma 5.4
remains intact.
6. It is worth reviewing the closing argument of the proof of Lemma 6.3, i. e.
the four-line paragraph right after (6.6). Namely, if
Σ = Σn2n2
(
T−n2w
)
is a permitted “candle” manifold in the definition of κn2,c3δ (T
−n2w), then −Tn1Σ ⊂
U , since it contains the phase point T−n1w, and we may assume that this latter
phase point is in a shrunk base neighborhood U0 ⊂ U so that the entire manifold
−Tn1Σ with radius < c3δ is contained by U . Then the application of T
n2−n1 to
the manifold Tn1Σ further expands this latter manifold by at least a factor of Λ,
for −Tn2Σ ⊂ U . However, the manifold Σ is obviously permitted in the definition
of κn1,c3δ (T
−n1w), so the expansion rate between Σ and Tn1Σ is already at least
Λm, thus the total expansion rate between Σ and Tn2Σ becomes at least Λm+1,
contradicting to (6.6).
7. The crucial change in the revised proof can be seen at the limit relation (6.8).
The point is that, due to the new definition of the expansion coefficient κn,0(T
−ny),
the limit relation limn→∞ κn,0(T
−ny) =∞ of (6.8) now holds for every phase point
y ∈ R, irrespective of the Ansatz! Indeed, the coefficient κn,0(T
−ny) increases
at least linearly in the absolute value |t| of the time t measured along the past
trajectory {Sty| t < 0}, as one easily sees by using the semi-dispersive characteristic
of the billiard flow. However, according to Theorem 1 of [B-F-K(1998)], the time
moments of collisions on any trajectory can not accumulate at any finite point.
Therefore t→ −∞, as n→∞ in the above situation.
8. In the set inequality (6.10) one has to write
⋃
n≥Nη
TnU bn,m ⊂ R
[c3δ] \
l⋃
i=1
V2(yi, m)
in order to obtain a “regularly shaped” set
⋃l
i=1 V2(yi, m) (instead of Kη) and gain
the important upper estimation const · η for the measure of the set
8R[c3δ] \
l⋃
i=1
V2(yi, m).
9. Finally, the “algebraicity” condition (2) in the Theorem on Local Ergodicity
has to be assumed in order to save the proofs of the important geometric inequalities
of Lemma 4.6, (5.11), and (5.12). The much needed fix for the original proof (in the
algebraic case) came recently as the main result of the paper [B-Ch-Sz-T(2002)].
Fortunately, every cylindric billiard system, esp. every hard sphere system, is alge-
braic by nature.
Corollaries
Corollary 1. The revised Theorem on Local Ergodicity, along with the Theorem
of [Sim(2002)] gives us that every hard sphere system (in any dimension ν ≥ 2)
has open ergodic components and it is fully hyperbolic (i. e. has non-zero relevant
Lyapunov exponents almost everywhere).
Corollary 2. The main result of the paper [Sim(2001)] is that almost every (in
terms of the masses and the radius of the disks) hard disk system on the unit 2-torus
T
2 is ergodic and fully hyperbolic. (These systems are actually Bernoulli flows.) As
remark 9.3 of the cited paper explains, the dropping of a zero-measured family of
hard disk systems (the annoying presence of the phrase “almost every” in the result)
is necessitated merely by the cumbersome proof of the Ansatz. Having the above
improvement of the Theorem on Local Ergodicity at hand, now we have a signifi-
cantly stronger result: Every hard disk system (M, {St}t∈R, µ) on T
2 with masses
m1, . . . , mN and radius r is a Bernoulli flow and fully hyperbolic, of course, after
having made the trivial reductions of the obviously preserved physical quantities.
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